Both service and manufacturing industries depend on the availability of expensive equipment to deliver their products. Examples of such equipment include aircraft, rolling stock and manufacturing equipment. When this equipment is not working, the primary processes of their owners come to an immediate stop. To reduce the downtime of equipment, companies stock critical components such that the equipment can be returned to an operational state quickly by replacing a defective component with a ready-for-use component. Many components represent a significant financial investment and so they are repaired rather than discarded after a defect occurs. Consider for example, jet engines, bogies, or lens units for wafer steppers; these are components of aircraft, rolling stock, and integrated circuit manufacturing equipment, respectively, and their prices range from several hundreds of thousands up to millions of dollars. The best time for companies to buy these components is early in the lifecycle of the original equipment, because, at this time, it is possible to negotiate reasonable prices. In the literature, this is often referred to as the initial spare parts supply problem and it occurs in many different environments (e.g. Rustenburg et al., 2001; Pérès and Grenouilleau, 2002) . Also note that since such components are repairable, there is no natural inventory depletion that can reduce stock levels in case a company buys too many components. Later in the life cycle of a technical system, components often have to be custom made and prices are very steep, if the component can be purchased at all. An aggravating factor is that demand intensity for these components typically fluctuates over time, reflecting the fluctuating need for maintenance over time. Companies anticipate these demand fluctuations by leveraging the possibility of expediting the repair of defective components, rather than buying new components. Expediting a repair comes at a price, either because an external repair shop charges more for expedited repairs or because an internal repair shop can only handle a limited amount of expedited repairs. In the latter case, the
cost of expediting can be thought of as a Lagrange multiplier that enforces a constraint on the number of expedited repairs that can be requested per time unit. Our model can then serve as a building block for a multi-item model with constraints on service and expediting frequencies.
Companies that operate in the environment described above face two major decisions related to their inventory control, one at the tactical level, and another at the operational level: (1) How many repairable spare parts should the firm buy? (tactical) (2) When should the firm request that the repair of a part be expedited? (operational). We refer to the first decision as the dimensioning decision and to the second as the expediting decision. The S spare repairables that are purchased early in the life cycle of a technical system are also called the turn-around stock. After this (initial) tactical decision, there is an operational recurring decision to either expedite or not expedite the repair of a spare part each time a demand/failure occurs. The latter decision should take demand fluctuations as well as current inventory levels into account. The model in this paper is intended to aid both the dimensioning and the expediting decision. For the dimensioning decision, it is important to consider the fact that expediting will occur later.
We study the decision problem described above via a stochastic inventory model. In this model, a defective item is replaced with a ready-for-use item and sent to a repair shop immediately after the defect occurs. At this point in time, the inventory manager is faced with the decision to either expedite or not expedite the repair of the part. Expediting a repair is more costly but has a shorter lead time. This expediting decision is informed by knowledge about the fluctuation of demand, which is modeled by a Markov modulated Poisson process. This demand model is quite rich in modeling fluctuations such as those that occur due to economic conditions, seasons of a year and the degradation of a fleet of equipment (Song and Zipkin, 1993) . It has also been observed empirically that this demand model fits well to practice since demand for repairable spare parts behaves as a non-stationary Poisson process that moves slowly relative to the replenishment lead time (Slay and Sherbrooke, 1988) .
We assume that inventory is replenished by an (S − 1, S)-policy, meaning that each defective item is sent immediately to the repair shop. This replenishment policy is often used in practice and it is optimal when there are no economies of scale in replenishment. We model the expedited lead time as being deterministic and the regular lead time as being the sum of the expedited lead time and several exponential phases, the passing of which is monitored. This lead time model is a convenient device to investigate the value of tracking order progress information and the effect of different lead time distributions. (Gaukler et al., 2008 , use a very similar model of order progress information.) Many lead time distributions can be modeled quite closely by this device. In practice, one often observes lead times that are close to deterministic and this device can approximate that arbitrarily closely by letting the number of exponential phases approach infinity.
The main contributions of this paper are the following: Firstly, we characterize the optimal repair expediting policy for the infinite horizon average and discounted cost criteria by formulating the problem as a Markov decision process. We find that the optimal policy may take two forms. The first form is simply to never expedite repair. The second form is a state dependent threshold policy, where the threshold depends on both the state of the Markov chain that modulates demand intensity, and the pipeline of repair orders. We also provide monotonicity results for the threshold as a function of the pipeline of repair orders. We give closed-form conditions that determine which of the two forms is optimal. In analyzing the optimal policy, we confirm a conjecture of Song and Zipkin (2009) that the expediting policy they propose is optimal for some special cases.
Secondly, we show that the joint problem of determining the turn-around stock and the expediting policy is not convex, but the cost function is submodular with respect to the turn-around stock and the expediting thresholds.
Thirdly, we show that when demand fluctuates arbitrarily slowly, the cost of any policy can be written as a weighted average of the cost for systems facing stationary Poisson demand. We employ this result to show that ignoring demand fluctuations by assuming stationary demand can lead to arbitrarily bad performance.
Finally, we propose two heuristics based on our analytical results for optimal policies in general and optimal policies for slowly fluctuating demand in particular. Numerical work shows that these policies perform very close to optimal and that naive heuristics that ignore demand fluctuations perform poorly.
